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Permutation polynomials have been an interesting subject of
study for a long time and have applications in many areas
of science and engineering. However, only a small number of
speciﬁc classes of permutation polynomials are known so far. In
this paper, more linearized permutation polynomials and non-
linearized permutation polynomials over F33m are presented.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let r be a prime power, and let Fr and Fr[x] denote the ﬁnite ﬁeld of size r and the ring of poly-
nomials in a single indeterminate over Fr , respectively. A polynomial f ∈ Fr[x] is called a permutation
polynomial (PP) of Fr if it induces a one-to-one map from Fr to itself.
Permutation polynomials over ﬁnite ﬁelds have been an interesting subject of study for many
years, and have applications in coding theory, cryptography, combinatorial design theory, and many
other areas of science and engineering. Information about properties, constructions, and applications
of permutation polynomials can be found in Cohen [3], Laigle-Chapuy [5], Lidl and Niederreiter [6],
Mullen [7], and Sun and Wan [9]. For further information on this subject, we refer to [2,4,8,10]. In [1],
we present six classes of linearized permutation polynomials and six classes of non-linearized permu-
tation polynomials over F33m which are discovered in an attempt to ﬁnd new planar functions. In this
paper, using the same techniques as in [1], we present more linearized permutation polynomials and
non-linearized permutation polynomials over F33m . The permutation polynomials in this paper have
different shapes from those in [1]: some of them are trinomials, some quadrinomials, some with ﬁve
terms, and others with six terms.
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Throughout this paper, let q = 3m , b ∈ Fq3 \ {0} and let αi(b) ∈ F3[b,bq,bq2 ] be polynomials in b,
where i = 0,1,2. Our task in this section is to give some necessary and suﬃcient conditions for the
linearized polynomial
Fb(x) = α2(b)xq2 + α1(b)xq + α0(b)x ∈ Fq3 [x] (1)
to be a permutation polynomial of Fq3 .
We now present some auxiliary results that will be needed in the sequel.
Lemma 2.1. (See [1, Lemma 2.1].) If x3 − ax + k ∈ Fq[x] is irreducible over Fq, then a must be a square of an
element in Fq.
Lemma 2.2. (See [1, Lemma 2.2].) The polynomial y3 − y2 + a ∈ Fq[y] is irreducible over Fq if and only if
a = a21 for some a1 ∈ Fq with tr(a1) = 0, where tr is the absolute trace function on Fq.
It follows from [1, Lemma 2.3] that the minimal polynomial of any b ∈ Fq3 \ Fq is of the form
Cb(x) := x3 + B1x2 + B2x+ B3 ∈ Fq[x], B3 = 0 (2)
which is irreducible over Fq .
Since x1 = b is a root of the polynomial Cb(x) ∈ Fq[x], x2 = bq and x3 = bq2 are the other two roots
of Cb(x). It then follows that
{
b3 + b3q + b3q2 = x31 + x32 + x33 = (x1 + x2 + x3)3 = −B31,
b1+q+q2 = x1x2x3 = −B3.
(3)
Deﬁne
⎧⎪⎨
⎪⎩
u1(b) = b2+q + b2q+q2 + b2q2+1 = x21x2 + x22x3 + x23x1,
u2(b) = b1+2q + bq+2q2 + b2+q2 = x1x22 + x2x23 + x3x21,
b := (x1 − x2)(x2 − x3)(x3 − x1) = u2(b) − u1(b).
(4)
Then we have (see [1])
u2(b) + u1(b) = −B1B2 (5)
and
u1(b) = B1B2 + b, u2(b) = B1B2 − b. (6)
The following lemma is proved in [6, p. 362].
Lemma 2.3. Let b ∈ Fq3 and αi := αi(b) be polynomials in b, i = 0,1,2. The polynomial
Lb(x) = α2xq2 + α1xq + α0x ∈ Fq3 [x]
is a permutation polynomial on Fq3 if and only if the determinant of the matrix
90 P. Yuan / Finite Fields and Their Applications 16 (2010) 88–95Mb :=
⎡
⎢⎣
α0 α
q
2 α
q2
1
α1 α
q
0 α
q2
2
α2 α
q
1 α
q2
0
⎤
⎥⎦ , (7)
is nonzero.
Straightforward computations show that
det(Mb) = Normq3/q(α0) +Normq3/q(α1) +Normq3/q(α2) − Trq3/q
(
α0α
q
1α
q2
2
)
, (8)
where Trq3/q is the trace function from Fq3 to Fq .
The following two lemmas will be useful in the subsequent sections.
Lemma 2.4. (See [1, Lemma 2.5].) Let m be a positive integer such that m ≡ 0 (mod 3). If the minimal polyno-
mial of b ∈ Fq3 over Fq is x3 − x− 1, then
u1(b) = −, u2(b) = ,
where  ≡m mod 3.
Lemma 2.5. (See [1, Lemma 2.6].) Let b ∈ Fq3 . If the minimal polynomial of b over Fq is x3 − x2 + a2 , then
u1(b) = −a tr(a), u2(b) = a tr(a), b = −a tr(a).
Theorem 2.1. (See [1, Theorem 2.7].) Let r ≡ 3 (mod 4) be a power of a prime, and let f (x) be a function from
Fr to Fr with f (−x) = − f (x) for all x ∈ Fr . If Π(x) := f (x2) is a planar function from Fr to Fr , then f is a
permutation of Fr .
The polynomials considered here are linearized polynomials of the form
Fb(x) = α2xq2 + α1xq + α0x ∈ Fq3 [x],
where b ∈ Fq3 \ {0} and αi := αi(b) ∈ F3[b,bq,bq2 ] polynomials in b, i = 0,1,2. Thus, we may assume
that
α2(b) ∈ S =
{
b,bq,bq
2
,b − bq,b − bq2 ,bq − bq2 ,b + bq,b + bq2 ,
bq + bq2 , B1, B1 − b, B1 − bq, B1 − bq2
}
,
where −B1 = b+bq +bq2 , α1(b),α0(b) ∈ S∪−S . That is, we have 13×26×26 = 8788 different triples
(α1(b),α1(b),α0(b)).
The techniques used here are the same as presented in [1]. That is, for a given linearized polyno-
mial Fb(x) in (1), we compute its det(Mb), then we determine when det(Mb) is not zero. By Theo-
rem 7.9 in [6] and Lemma 2.3, Fb(x) is a permutation polynomial on Fq3 if and only if det(Mb) = 0.
Note that: some of the linearized polynomials Fb(x) = f (b + x) − f (b) − f (x) for a quadratic poly-
nomial f (x). If Fb(x) is a permutation polynomial on Fq3 for any b ∈ Fq3 \ {0}, then f (x) is a planar
function.
By (8), we need to compute Normq3/q(b), Normq3/q(b + bq), Normq3/q(b − bq), Normq3/q(b − B1),
Tr(b), Tr(b2), Tr(b1+q), Tr(b2+q), Tr(b1+2q). We have
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⎪⎪⎪⎪⎪⎪⎪⎩
Normq3/q(b) = Normq3/q
(
bq
)= Normq3/q(bq2)= −B3;
Tr(b) = Tr(bq)= Tr(bq2)= −B1;
Tr
(
b1+q
)= Tr(b1+q2)= Tr(bq+q2)= B2;
Tr
(
b2+q
)= Tr(b2q+q2)= Tr(b2q2+1)= u1(b) = B1B2 + b;
Tr
(
b1+2q
)= Tr(bq+2q2)= Tr(bq2+2)= u2(b) = B1B2 − b.
(9)
Normq3/q
(
b − bq)= Normq3/q(bq − bq2)= Normq3/q(bq2 − b)= b. (10)
Proof. Obviously. 
Normq3/q
(
b + bq)= Normq3/q(bq + bq2)= Normq3/q(b + bq2)= B3 − B1B2. (11)
Proof.
Normq3/q
(
b + bq)= Normq3/q(bq + bq2)= Normq3/q(b + bq2)
= (b + bq)(bq + bq2)(b + bq2)
= 2b1+q+q2 + b1+2q + bq+2q2 + bq2+2 + b2+q + b2q+q2 + b2q2+1
= B3 − B1B2. 
Normq3/q(b − B1) = Normq3/q
(
bq − B1
)= Normq3/q(bq2 − B1)= −B3 − B1B2 + B31. (12)
Proof.
Normq3/q(b − B1) = (b − B1)
(
bq − B1
)(
bq
2 − B1
)
= −B3 − B1B2 + B21 × (−B1) − B31
= −B3 − B1B2 + B31. 
Trq3/q b
2 = Trq3/q b2q = Trq3/q b2q
2 = B21 + B2. (13)
Proof.
b2 + b2q + b2q2 = (b + bq + bq2)2 + b1+q + b1+q2 + bq+q2 = B21 + B2. 
It follows from (8)–(13) that det(Mb) ∈ F3[B3, B1B2, B31,b]. By computations, we ﬁnd that Fb(x)
may be a permutation polynomial on Fq3 for any b ∈ Fq3 \ {0} if ±det(Mb) is one of the following
forms:
B3, B3 − B1B2, B3 + B1B2 − B31, B3 − B31 ± b, B3 − B1B2 − B31 ± b, B3 + B1B2 + B31 ± b.
Other useful computations:
Let y3 − y2 + a2 be the minimal polynomial of b + B2. Then
x3 − x2 + B2x+ B32 − B22 + a2 ∈ Fq[x]
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B1 = −1, B3 = B32 − B22 + a2.
With the above assumptions, we summarize those cases that det(Mb) may not be 0 as follows.
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
B3 = B32 − B22 + a2,
B3 − B1B2 = B32 − B22 + a2 + B2 = (B2 + 1)3 − (B2 + 1)2 + a2,
B3 + B1B2 − B31 = B32 − B22 + a2 − B2 + 1 = (B2 − 1)3 − (B2 − 1)2 + a2,
B3 − B31 ± b = B32 − B22 +
(
a ± tr(a))2,
B3 − B1B2 − B31 ± b = (B2 + 1)3 − (B2 + 1)2 +
(
a ± tr(a))2,
B3 + B1B2 + B31 ± b = (B2 − 1)3 − (B2 − 1)2 +
(
a ± tr(a))2.
(14)
In [1, Theorems 3.1 and 3.5], we have shown Fb(x) is a permutation polynomial on Fq3 for some m
when det(Mb) = B3 − B31 +b or B3 + B1B2 + B31 −b . Now we will show that Fb(x) is a permutation
polynomial on Fq3 for some m when det(Mb) takes the other values in (14).
Remark. We note that if the minimal polynomial of any b ∈ Fq3 \ Fq is of the form
Cb(x) := x3 + B1x2 + B2x+ B3 ∈ Fq[x], B3 = 0
which is irreducible over Fq , then we have a formula of the following form
det(Mb) = a1B3 + a2B1B2 + a3B31 + a4b, ai ∈ F3, i = 1,2,3,4.
It is easy to see that the same formula for det(Mb) holds also when b ∈ Fq if we deﬁne the corre-
sponding polynomial to be Cb(x) = x3 − b3 for in the computations of det(Mb) we use only the Norm
and the Tr from Fq3 to Fq .
We summarize the cases that det(Mb) may be nonzero for any b ∈ Fq3 \ {0} in Table 1, their proofs
are similar, so we omit the details. Here we only prove the following theorem.
Theorem2.2. If Fb(x) = α2(b)xq2 +α1(b)xq+α0(b), whereαi(b) ∈ F3[b,bq,bq2 ], satisﬁes that±det(Mb) =
B3 , or B3 − B1B2 , or B3 + B1B2 − B31 , or B3 − B1B2 − B31 + b, then Fb(x) is a permutation polynomial for
any b ∈ Fq3 \ {0}.
Proof. Since Fb(x) is a linearized polynomial, by Theorem 7.9 in [6] and Lemma 2.3, Fb(x) is a per-
mutation polynomial on Fq3 if and only if det(Mb) = 0.
Since −B3 = Normq3/q(b), B3 − B1B2 = Normq3/q(b + bq), B3 + B1B2 − B31 = Normq3/q(B1 − b) =
Normq3/q(b − bq − bq2 ) and b,b + bq = 0, b − bq − bq2 = 0 for any b ∈ Fq3 \ {0}, then Fb(x) is a
permutation polynomial for any b ∈ Fq3 \ {0} when ±det(Mb) = B3, or B3 − B1B2, or B3 + B1B2 − B31.
Now we consider the case that det(Mb) = B3− B1B2− B31+b . If b ∈ Fq \{0}, by the above remark,
we have det(Mb) = −b3 = 0.
We now assume that b ∈ Fq3 \Fq and the minimal polynomial of b over Fq is Cb(x) = x3 + B1x2 +
B2x+ B3 as in (2). We do so by considering the following two cases.
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B1 = 0. By Lemma 2.1, B2 = −A22 for some A2 ∈ Fq . Furthermore, since b /∈ Fq , we have A2 = 0.
Note that the minimal polynomial of b/A2 over Fq is y3 − y + B3/A32. Since det(Mab) = a3 det(Mb)
for any a ∈ Fq , we may assume that B2 = −1 and B3 = k. With these assumptions, we have
b = ±1. Suppose that det(Mb) = 0. Then we have k = ±1. Thus the minimal polynomial of b over Fq
is x3 − x±1. Note that b has minimal polynomial x3 − x±1 if and only if −b has minimal polynomial
x3 − x∓ 1. Hence, we may assume that k = −1.
If 3 divides m, then tr(1) = 0. Hence, x3 − x − 1 is reducible over Fq , contradicting the fact that
the minimal polynomial should be irreducible over Fq . If m ≡ 1 (mod 3), it follows from Lemma 2.4
that b = u2(b) − u1(b) = −1. Then det(Mb) = 1 = 0, contradicting the assumption that det(Mb) = 0.
This completes the proof for Case I.
Case II
B1 = 0. Again due to the fact that det(Mab) = a3 det(Mb) for any a ∈ Fq , we may assume that
B1 = −1. Then we have
x3 − x2 + B2x+ B3 = (x+ B2)3 − (x+ B2)2 + B ′3,
where B ′3 = −B32 + B22 + B3 = 0. So the minimal polynomial of b + B2 over Fq is
y3 − y2 + B ′3,
which should be irreducible over Fq . By Lemma 2.2, B ′3 = a2 for some a ∈ F∗q with tr(a) = 0. So we
may assume that y3 − y2 + a2 is the minimal polynomial of b + B2. Hence
x3 − x2 + B2x+ B32 − B22 + a2 ∈ Fq[x]
is the minimal polynomial of b. In this case, we have
B1 = −1, B3 = B32 − B22 + a2.
In this case, by Lemma 2.5, b = b+B2 = −a tr(a). If det(Mb) = 0, then we have
(B2 + 1)3 − (B2 + 1)2 +
(
a + tr(a))2 = 0. (15)
This means that z3 − z2 + (a + tr(a))2 is reducible over Fq .
However, if m ≡ 0 (mod 3), then tr(a + tr(a)) = tr(a ± 1) = tr(a) = 0. It follows from Lemma 2.2
that z3 − z2 + (a+ tr(a))2 is irreducible over Fq . So we have reached a contradiction. If m ≡ 1 (mod 3),
then tr(a+ tr(a)) = ±1 = 0. It follows from Lemma 2.2 that z3− z2+ (a+ tr(a))2 is irreducible over Fq .
So we have again reached a contradiction. This completes the proof in Case II. 
3. Theorems and tables
In this section, we are ready to present four tables of various examples of permutation polynomials
and planar functions. Table 1 tells us when det(Mb) may be nonzero for any b ∈ Fq3 \ {0}. Other tables
are on permutation polynomials of various types. The permutation polynomials in Table 2 are related
to planar functions, while those in Table 3 are not. A typical conclusion for Table 2 is as follows (in
Tables 2 and 3 we use −B1 stands for bq2 + bq + b in the ﬁrst column for space saving).
94 P. Yuan / Finite Fields and Their Applications 16 (2010) 88–95Table 1
det(Mb) and permutation polynomials.
±det(Mb) Cases for m
B3 all m
B3 + B1B2 − B31 all m
B3 − B31 + b m ≡ 0, 1 (mod 3)
B3 − B31 − b m ≡ 0, 2 (mod 3)
B3 + B1B2 + B31 + b m ≡ 0, 1 (mod 3)
B3 + B1B2 + B31 − b m ≡ 0, 2 (mod 3)
B3 − B1B2 − B31 + b m ≡ 0, 1 (mod 3)
B3 − B1B2 − B31 − b m ≡ 0, 2 (mod 3)
Table 2
PPs and their det(Mb) (I).
PPs det(Mb) Cases
bq
2
xq
2 + bqxq − bx −B3 all m
(bq − b)xq2 + bq2 xq − (bq2 + b)x B3 − B31 + b m ≡ 2 (mod 3)
(bq + b)xq2 + (bq2 − b)xq + (bq2 − bq)x B3 all m
(b − bq2 )xq2 + bxq − B1x −B3 + B31 − b m ≡ 2 (mod 3)
(b + bq)xq2 + (b + bq2 )xq + (b − B1)x B3 − B1B2 all m
(b + bq2 )xq2 + (b + bq)xq − B1x −B3 − B1B2 + B31 all m
(b + bq)xq2 − B1xq − B1x B3 − B1B2 all m
B1xq
2 + (B1 − bq)xq + (B1 − b)x −B3 + B1B2 all m
Table 3
PPs and their det(Mb) (II).
PPs det(Mb) Cases
bxq
2 + bqxq + (b + bq)x −B3 all m
bqxq
2 + bqxq − B1x B3 + B1B2 − B31 all m
(bq
2 + b)xq2 + (bq2 − b)xq + (b − bq)x B3 + B1B2 + B31 − b m ≡ 1 (mod 3)
bxq
2 + (b − B1)xq + (B1 − bq)x −B3 − B1B2 − B31 + b m ≡ 2 (mod 3)
bq
2
xq
2 + B1xq + B1x −B3 all m
(b − B1)xq2 + (b − B1)xq − B1x B3 − B1B2 all m
B1xq
2 + B1xq + (b − B1)x −B3 − B1B2 + B31 all m
Theorem 3.1. The polynomial
Hb(x) =
(
b + bq2)xq2 + (b + bq)xq + (bq2 + bq + b)x
is a permutation polynomial of Fq3 for any nonzero b ∈ Fq3 and xq2+1 + xq+1 − x2q2 − x2q − x2 is a planar
function.
By Table 1 and computations we get Tables 2 and 3. The following theorem is an example for
Table 3.
Theorem 3.2. Let m be a positive integer such that m ≡ 0 or 2 (mod 3). Then
Lb(x) =
(
b + bq2)xq2 + (bq2 − b)xq + (b − bq)x
is a permutation polynomial of Fq3 for any nonzero b ∈ Fq3 .
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Planar functions and permutation polynomials.
PFs PPs
xq
2+q − xq2+1 + x2 x(q2+q4)/2 + x(1+q2)/2 + x
xq
2+q + xq2+1 − xq+1 x(q2+q4)/2 + x(1+q2)/2 − x(q+q3)/2
x2q
2 + xq2+1 + xq+1 − x2 xq2 + x(1+q2)/2 + x(q+q3)/2 − x
xq
2+q + xq2+1 + xq+1 + x2 x(q2+q4)/2 + x(1+q2)/2 + x(q+q3)/2 + x
xq
2+1 + xq+1 − x2q2 − x2q − x2 x(1+q2)/2 + x(q+q3)/2 − xq2 − xq − x
xq
2+q + xq2+1 + xq+1 − x2q − x2 x(q2+q4)/2 + x(1+q2)/2 + x(q+q3)/2 − xq − x
xq
2+q + xq2+1 + xq+1 − x2q2 + x2q + x2 x(q2+q4)/2 + x(1+q2)/2 + x(q+q3)/2 − xq2 + xq + x
By Theorem 2.1 and Table 2, we have Table 4.
Theorem 3.3. Let m be an odd positive integer. Then g1(x) = x(q2+q4)/2 + x(1+q2)/2 + x(q+q3)/2 − xq − x and
g2(x) = x(q2+q4)/2 + x(1+q2)/2 + x(q+q3)/2 − xq2 + xq + x are permutation polynomials on Fq3 .
The above theorem is an example for Table 4.
4. Concluding remarks
In this paper, we give a procedure to obtain all linearized permutation polynomials of the form
(1) over Fq3 for any nonzero b ∈ Fq3 which are treated in [1]. We also obtain more non-linearized
permutation polynomials on Fq3 .
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